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CRODUCTION

for n € Z and m € N with m = 2 the m-free part of n is the smallest
ive integer a with the property that *n = aym for some vy € Z. Let
[x] have at least two distinct zeros. Let a ¢ IN with a > 1 be the m-
cart of F(x) for some x € Z and some m € IN with m 2 2. We prove that
a certain multiplicative structure (see Corollary 1), e.g. the great-

rime divisor P(a) of a exceeds g, loglog a, where €y is a positive num-

epending only on F. This includei the well-known fact that P(F(x)) >

log |F(x) | for x € Z with |F(x)] > 1.

Let F ¢ z[X] have at least three simple zeros. Let x € Z with |[F(x) |2
d suppose that F(x) = *ab, where a ¢ IN and b is some power, i.e.

yml y e Z, me N, m 2 2}. We prove that then a > €, (logloglog IF(x) |)©3
€,y and €3 are positive numbers depending only on F. We also give such

s for P(a), thereby giving a quantitative version of the well-known fact
for every P there exist only finitely many x € Z such that F(x) = ab

ome a € Z with P(a) < P and some power b.

Let F € Z[X] have at least two distinct zeros and let a ¢ Z, a # O.
well-known (see, e.g., [1]) that there exist positive numbers ey and
such 'that P(F(x)) > EF,loglog'lF(x)] for |[F(x)] > 1 and that if F(x) =

for certain x,y € Z with |yl > 1 and some m € N, then m < cF(a). In

xisting proofs for the second result, the first result is used. This is
essary, in fact the first result can be proved in the same manner as the

d one, as can be seen in the proof of Theorem 1 in this section. We also

an upper bound cF(a) for m which isvexplicit in a. For completeness we
the results that we use in the proof of Theorem 1. These results can

und in [1] as Theorem A (= Proposition), Lemma C (= Lemma 1,) while

. 2 is implicit in the proof of Theorem 1 in [1].

SITION. Let al,...,aN, where N 2 2, be non-zero algebraic numbers. Let

the smallest normal field containing @y ,...,0 and put D = [k:0]. Let

N
.,AN (=3) be upper bounds for the heights of al,...,aN, respectively.
-1
o= ﬂ?=1logAj, Q= Q'logAN. There exist positive numbers C1 and C2

that for every B 2 2 the inequalities




b1 bN C2N
0 < ]ozl L. -1] < exp(—(ClND) Q log Q' log B)

ave no solution in rational integers bl""'bN with absolute values at most

.EMMA 1. Let Yy and Y, be algebraic integers in a field K of degree D. Then
H(—) < 202" T max{loy, |, loy, |}
o 1 2

there O runs through all isomorphic injections of K into € and H(a) denotes

:he height of o.

JEMMA 2. Let,’K be a field of degree [K:Q} = D. By definition, the units of K
are the algebraic integers € in K with INe| = 1, where N = NK/Q is the norm

nap from K to Q. There exist an integer r = r(x) ¢ {0,1,...,D-1} and units

10,...,nr of K, Witii):t no a root of unity, such that every unit € of K is of
the form € = TI:;=O njj for certain b:,| € Z (0<j<r), while |b0| < cO(K) , some

suitable number depending only on K. Moreover, there exists a number c = c(K)
such that for every o € K there exists a unit € of K such that B = eo satis-

1/D

. -1 1/p . s e s .
fies ¢ ~|NB| < loB| < cINB| /P for every isomorphic injection 0 of K into

C.

THEOREM 1. Let F € Z[X] have at least two distinct zeros and let a € Z,
a # 0. There exist positive numbers Xps Cy = Cl(F) and c, = c2(F), depending

’

only on F, such that if
(1) F(x) = ay"

with x,y,m € IN and x = Xpr with the proviso that m =< loglF(x) | ify =1,
then

c, (w(a)+1) c

(2) m < (2(w(a)+1)) 1 (p]ila logp) 2 =: cF(a),

where w(a) denotes the number of distinct primes dividing a.




. _ v ki . c s
. Write F(X) = a ﬂi (X ai) with al,...,av distinct and kl,...,kve

=1
2 may assume that F is monic (an=1) in view of the following argument.

liows from (1) that G(anx) = aﬁ'iF(x) = (az—la)ym, where n is the de-
>f F. If the theorem has been proved for monic polynomials then, since
nonic, m < cG(az_la) and the contribution of the primes dividing a can

corporated in c, = cl(F). Since an = 1 the ul,...,av are algebraic in-

1

s. Let K be the (normal) field generated by o -es@ , put d = [K:0]

1’
ot Pl""’Ps be the distinct prime ideals of K which divide the ideal

oTT
ated by a i<q

(ai—aj). Assume that (1) holds for some x 2 X where
2 is sufficiently large, depending only on F (how large will be apparent
the sequel). Then the prime ideal decomposition of the integral ideal
] generated by x- o, has the form
s wk(i) m,
[x—ui] = kgl Pk Fi , (i=1,...,v)
. s . _ . _ .
ertain Wk(l) > 0, wk(l) € Z, where m, m/(m,ki), with Fi [1] if
. Choose ai and aj with ai # uj, say o, and o,. Note that m, and m, are

1 2 1 2
*

r

ible by m* = m/(m,[kl,kz]). Hence there exist integral ideals Fl' 9

] if y=1) in K with

s w (i) *
[x-o,3 =10 PS5 )" (1=1,2).

that it follows from (1) and y > 1 that m <m< (loglF(x)l)(logZ)_1 <
jx for some cy = c3(F). If y=11in (1) then

m <m=< cBlogx

holds, by assumption. Taking x 2 2 max, .., lailr we have, by (3) and

14

o

s
* *
2 w, (i) logNP, + m logNI', = logN[x-a,] < log(2x)d <<_ logx,
k=1 k k i i F

(i=1,2).

be the class number of K. By Lemma 2 there exist algebraic integers




* ,
P e Y, in K (with Yi=1 if Pi = [1]) and a number c = c(K) such that -

x h
[wk]=P}2 , [yi]= (ri) . for k =1,...,8 and i = 1,2 and

- -1
s loa| |Na| /4 ¢ c for every automorphism ¢ of K and

o € {ﬁl,...,ﬂs,Yl,Yz}.

. *
lows from (3) and (6) that (x—oc.)h = €, w ﬂwk(l) y@ for some unit
i i k=1 'k i
K (i =1,2). Hence, by Lemma 2,
b, (i) w, (i)
r s *
— = J k m 1 =
(x-0a,) jgo Ny k1 M Y (i=1,2),

:rtain"bj(i) € Z, with Ibo(i)l < cO(K). We now show that

ij(i)l << log x for j =0,1,...,rand i = 1,2.
ox = x and lcnol = 1 for 0 € Aut(K) we infer from (7) that
r 5 *
2 b.(i)loglon.| = hlog |x-oa,| - 2 w, (i)loglom, | - m logloy. |
. 3 3j . i k k i
J=1 k=1
=: ko(i) for 0 € Aut(K) and i = 1,2.

*
.lows from (6), NPk 22, NI, 2 1 that log]cwk| > -logc and log]cyil >

. With the use of (5) we obtain that lkg(i)l <<_ logx for every ¢ and

| F
2. From the equations (9) with r distinct 0's and Cramer's rule it fol-
‘hat (8) holds for j =1,...,r and i = 1,2. As observed already, (8)
10lds for j = 0. From (7) we conclude that
h_ I 3 s W (1) o« o
(x—ai) = TT. n, El “k Si (i=1,2),

* 0 . 0] * . * .
wk(i) e {0,1,...,m -1} with wk(l) = wk(JJ modm and IBj(l)l < m with
= b, (1) modm” and sgn (8, (1)) = sgn(b, (1)), with

r b.(i)-B. (i) w, (1) -w, (1) *
J . k k }1/m i=1,2).

S
i 'it5=0 '3 kgl k




v show that the algebraic integers 6i € K satisfy, for some Cyp = Cy (),

*
|06i] < exp((c4lxx;x)/m ) for ¢ € Aut(K) and i = 1,2.

. *
) and (5) we have logloyil <<p log NI, << (logx)/n:c . By (8) we have

iy
jzo (b (1) - Bj(i))loglanj! <<z logx.

) and (5) we have

s
z (Wk(i) -wk(i))loglcwkl <<

(w, (1) -w,_(i))log NP,
2y k K k

F

I o~

o

1

IA
[ 1]

[

. wk(i)log NPk <<p logx.

proves (11). From (10) we obtain

- .(2)-B.(1
x-0 néj( ) Bj( )

0 3

k=1 'k 61 :

I
N
I
s

X-0 j

g xg > (ocz—ai?;) (1-2;)-1 for every ¢ # 1 with ?;h = 1, we have, for x 2 X
*

the expression in (12) is non-zero. Assuming that m > 1 we apply the

sition to the right hand side of (12), with N=r+s+2, ai = ni—l for

*
< = = = =
< r+1, S L MyreearMyr O 62/61 and B =m . We have N
F2 < d&1+dw+2 < (d+1) (w+l), where w = w(a). Also H(a;) < cg = c5(K) =:

r1<i<r+tl. By Lemma 1 and (6) we have H('rrk) < 23-24 ﬂc max{lc'rrkl,l}:

(NPk)h < p(k)CG = (1<k<s) for some c, = c6(K), where p(k) is the

A
r+k+1 6
nal prime in Pk' Note that the number of distinct k with p(k) = p is at

d for every prime p. By Lemma 1 and (11) we have

IN

H(62/61) < 2d-2d l(;] max{1662],]061]} 2d'2dexp((dc4 logx)/m*)

IA

*
exp((c7 logx)/m ) =: Ay

we used (4) in the last inequality. It follows from the proposition




x-q_ D C..(a+1) (w+1)

2) -1] > exp(—(cld(d+1) (w+1)) c8( m logp)d'
1 pla

¢

X=-0

x -1 *
. (logc8+d Z loglogp)°(logx) (m ) "logm )

pla
ome c8 = c8(K) . On the other hand, for x 2 XF' with xF sufficiently
'
|(x—02)h - +a1—u2)h i <o x—l < exp(——l—log %) .
X0, X=0, 9 2

h
ning these estimates for \((x—az)/(x—ocl)) - 1] we obtain, for some large
o)y

c, - (w+l)

* 10

m =1 or m*/logm* < (2(w+l)) (mn logp)d(1+ z loglogk

pla pla

*
ly observe that m < [k1'k2]m = c“m*. This implies that (2) holds for

c, > d, provided that c, = cl(F) is sufficiently large. g

2 1

K. If y = 1 in (1) then one can, more naturally, apply the proposition
e right hand side of (7) with Y; < 1, with N=r+s+1, B = Cp logx (cf.
nd (5)).

[l

DEFINITION. Let m € IN with m = 2. The m-free part of an integer n is

mallest positive integer a with the property that *n = aym for some

’

a.

LARY 1. Let F € Z[X] have at least two distinct zeros. There exist

ive numbers e, and § 17 depending only on F, with the following property.

1
. € IN with a 2 3 be the m-free part of F(x) for some x € Z and some

N with m =2 2. Then
(1) w(a) > Gl(loglog a) (logloglog a)_1
or

(ii) P(a) > exp(Gl(loglog a) (logloglog a)_l) .

wrticular




P(a) > €, logloga.

1

. Since w(a) = 1 and P(a) =2 2 we may assume that a 2 ao, where aO is

large number depending only on F, since for the remaining values of a

nequalities (13) and (14) are valid if we take 61 > 0 and el > 0 suf-

ntly small. Observe that cF(a) in (2) satisfies

: "ch(w(a)+1)
cF(a) < ((w(a)+1)log 3P (a)) (for every a € Z, a # 0)

ome C ='cO(F). Since a is m-free we have

0

m-1 (m-1) w(a)
p .

a < 1 < P(a)

pla

iaym for some x,y € Z. We may assume that F(x) = aym with

ve F(x)

and y € IN (by considering also G(x) = #F(-x)). Since a 2 ayr we have
P If vy > 1 then, by Theorem 1, m < cF(a) and it follows from (15) and
that

((w(a)+1) Log 3P (a)) € (@ (@) +1)

2 loga,

c = q0-+1. If y = 1 then it follows from (2) with m = [log F(X)] =
1] and (15), that (17) also holds in this case. If w(a) £ logP(a) then
1lows from (17) that (13) (ii) holds and if w(a) > logP(a) then 13(i)
ws from (17). The inequality . (14) is a direct consequence of (13) in

of w(a) < m(P(a)) << P(a)(logP(a))_l for a > 1. 0

m-1 e2(m—1)P(a)

A

K. Let a € IN be m-free. Since a < ﬂé1a o) we have

>~l (loga)(m—l)_i. (On the other hand, if a =TT 1, where P 2 P

m—
2 (m-1)p 3 -1 p<p * . o’

az=?2 , hence P(a) <-§(logaj(m—1) .) It follows that if a > 1 is

e for some m € IN with m < (28)_1(loga)(logloga)_1, then P(a) >

loga. However, if a is m-free for some larger m, then such a bound for

does not follow (as it should be: a may be equal to 2m—1). By Corollary

a > 2 is the m-free part of some F(x), where F has at least two dis-

. zeros, then P(a) > € loglog a holds regardless of the value of m (22),

€ = el(F).




\s observed already, the lower bounds for w(a) and P(a) in (13) and (14)
srivial for small values of a € IN, i.e. for (2<) a < aO(F). By the well-
theorem of Schinzel and Tijdeman these values for a can only occur for

Xpr provided that F has at least three simple zeros. Hence:

BARY 2. Let F € Z[X] have at least three simple zeros. There exist

ive numbers Xp and €_ with the following property. Let a € IN be the

F
> part of F(x) for some x € Z with |x| 2 X, and some m € N with m 2 2.

P(a) > eFlogloga > 1.

lhe assertion of Corollary 2 includes that F takes only finitely many
5 as values (take a = 1) and also that P(F(x)) > eF|loglog’lF(x)| for
x; (take a = |[F(x)| and m = [(log]F (x) ) (log 2) "'1+1).

Let F € Z[X] have at least three simple zeros. Suppose that

F(x) = iaym

v
X,v,a,m € IN with m =2 2. Let a, denote the m-free part of a. SPRINDZUK
[1 1) obtained the following upper bound for x when m = 2 in (18):

C(F)

x < exp((2a2) ) when m = 2 in (18).

3.2
BAKER (see [1]) has proved the upper bound expexp((Sm)lon10n g ) for x

X) = ym, m = 3, G has at least two simple zeros, where n is the degree
and H is the maximum of the absolute values of the coeffic¢ients of G.
ing this to G(X) = iaﬁ_lF(x) we obtain

x < eXpeXp((2am)C(F)m) when m = 3(2) in (18).

The dependency of the bound in (20) on m can be removed with Theorem 1.

EM 2. Let F € ZIX1 hawva 2+ Joact thrco cimpll Zelde. Thoic tadlol pusi-

numbers €7 €7 €57 C; depending only on F, with the following properties.




€ Z with |F(x)| 2 16 and suppose that
F(x) = tab

a € IN and b is some power. Then

c(w(a)+l)

((w(a)+1)log 3P(a)) > logloglog|F(x)].

rticular

€
2a > (loglogloglF (x) )

€
‘if a = p~ is a prime power then log2p > (logloglog|F (x)|)

P(a) > €, loglogloglog|F(x)].

3
. To prove (21) we may assume that x 2 Xp (by taking ¢ = c(F) suffi-
ly large) and that F(x) = tay" for some m;y € N withy > 1 and m > 1
= 1 then (21) follows from Theorem 1 and (15)). The inequality (21)
ws now from (20), am < P(a)mw(a) (see (16)), (2) and (15). To prove (22)
sufficient to observe that P(a) £ a and w(a) << (loga)(loglog a)_-1 for
, while (23) follows immediately from (21). Finally, (24) follows from

noting that w(a) < m(P(a)) << P(a) (logP(a))-—1 for a > 1. g
Finally we formulate (22) somewhat differently.

ITION. For n € Z let a(n) be the smallest positive integer a with the
rty that #n = ab for some power b, i.e. for some b = ym with y € Z and

N with m = 2.

Obviously, 1 < a(n) < n for n € N, with equality if and only if n is a

© or square-free.

LARY 3. Let F ¢ Z[X] have at least three simple zeros. There exists a
ive number e(F), depending only on F, such that for every n in {F(x) l

z} with |n] = 16




a(n) > %{1ogloglog|n])eu

, T.N., A.J. VAN DER POO R. TIJDEMAN
tions of the Gel'fond-Ba thod to diop
Transcendence Theory: Ad and Applica
D.W. Masser (eds.), Acad ress, London >,

1977.
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